Abstract. We give a construction that produces 6-sparse Steiner triple systems of order v for all sufficiently large v of the form 3p, p prime and p ≡ 3 (mod 4). We also give a complete list of all 429 6-sparse systems with v < 10000 produced by this construction.
Introduction
A Steiner triple system of order v, STS(v), is a pair (V, B) where V is a set of cardinality v of elements, or points, and B is a collection of triples, also called blocks, which has the property that every pair of distinct elements of V occurs in precisely one triple. It is well known that an STS(v) exists if and only if v ≡ 1 or 3 (mod 6). Such values are called admissible.
For any two points a and b in an STS(v), (V, B), we define the cycle graph G a,b as follows. The vertex set of G a,b is V \ {a, b, a * b}, where we denote by x * y the third point in a block containing the pair {x, y}. The edge set of G a,b is the set of pairs {x, y} such that either {x, y, a} is a block or {x, y, b} is a block. Clearly, G a,b is a set of disjoint cycles {C n 1 , C n 2 , . . . , C nr }, where n 1 + n 2 + . . . + n r = v − 3 and for i = 1, 2, . . . , r, n i is even and n i ≥ 4.
A configuration in the context of a Steiner triple system is a set of triples, also called blocks, which has the property that every pair of distinct elements occurs in at most one triple. If C is a configuration, we denote by P (C) its set of points. Two configurations C and D are said to be isomorphic, in symbols C ∼ = D, if there exists a bijection φ : P (C) → P (D) such that for each triple T ∈ C, φ(T ) is a triple in D. For a Steiner triple system (V, B), the set B itself may be regarded as a configuration with P (B) = V . The degree of a point in a configuration is the number of blocks of the configuration which contain that point. We sometimes write blocks with set brackets and commas omitted, so that for example {0, 1, 3} might be written as 013.
In this paper we will be concerned with configurations having n blocks and n+2 points. Such configurations are of particular interest because of the following result proved in [4] . Here, the value of d is sharp. For d = 2, the theorem does not hold. Indeed, the case d = 2 is the subject of a conjecture of Erdös [3] : For every integer k ≥ 4, there exists v 0 (k) such that if v > v 0 (k) and if v is admissible, then there exists an STS(v) with the property that it contains no configurations having n blocks and n + 2 points for any n satisfying 4 ≤ n ≤ k. Such an STS(v) is said to be k-sparse. Clearly, a k-sparse system is also k -sparse for every k satisfying 4 ≤ k ≤ k.
Up to isomorphism, there is only one configuration having four blocks and six points, namely the Pasch configuration, also known as a quadrilateral; this is shown in Table 1 . The existence of 4-sparse (better known as anti-Pasch) STS(v)s for all admissible v, except v = 7 and 13, was established in [1] , [8] , [10] and [7] .
There is, up to isomorphism, only one Pasch-free configuration having five blocks and seven points, namely the mitre. This is also shown in Table 1 . In [2] , [9] and [5] , culminating in recent work by Fujiwara and Wolfe [6] , [12] , it is established that anti-mitre systems exist for all admissible orders except v = 9. Systems which are 5-sparse, that is, both anti-Pasch and anti-mitre, are known for v ≡ 1, 19 (mod 54), except possibly v = 109, and for many other sporadic values [9] , [6] . Also we are aware that there exists a 5-sparse STS(109) [13] . Substantial further progress has recently been made by Wolfe in [14] , where it is shown that 5-sparse STS(v)s exist for almost all admissible v (meaning arithmetic set density 1 in the set of all admissible orders), and in [15] , where existence for all v ≡ 3 (mod 6) with v ≥ 21 is established.
There are, up to isomorphism, two Pasch-free and mitre-free configurations having six blocks and eight points, of which one is the 6-cycle. The other configuration is called the crown, a word that is suggested by following diagram. 
Crown configuration
Thus a system is 6-sparse if and only if it contains no Pasch configurations, no mitres, no 6-cycles and no crowns. In [4] we presented the first known non-trivial examples of 6-sparse Steiner triple systems. Our results depended on two basic theorems. The first of these is the following.
Theorem 2.
Suppose that v is a prime congruent to 7 modulo 12 and that χ is a multiplicative character of GF(v) of order 6. Suppose also that α ∈ GF (v) has the property that χ(α) = −1, 0, 1 and that χ(1 − α)χ(α) = ±1. Let G denote the group comprising all mappings on GF (v) having the form x → ax + b for a, b ∈ GF (v) with χ(a) = 1. Then the orbit generated by the block {0, 1, α} under the action of G forms a block transitive STS(v).
Using Theorem 2, we obtained 29 6-sparse systems with 27 different prime orders v ≡ 7 (mod 12). Furthermore, by employing Weil's theorem on bounding character sums [11, page 43] we were able to show that our list of such systems is complete. The other theorem from [4] asserts that the standard product construction preserves 6-sparseness under certain conditions. Theorem 3. Suppose that S = (V, B) is a block transitive Steiner triple system of order v, with α and χ as in Theorem 2 and V = GF (v). Suppose also that S * = (W, B * ) is a Steiner triple system of order w. For each block of B * , arbitrarily fix the order of the points, so that B * may be regarded as a set of ordered triples (i, j, k). Put V = V × W and let
where β, γ = 0 are fixed parameters in GF (v). Then S = (V , B ) is a Steiner triple system of order vw. Furthermore, if both S and S * are 6-sparse, if
and if χ(β), χ(γ), χ(β/γ) = ±1, then S is also 6-sparse.
Having shown that (1) holds for each of our original 29 block transitive systems, we can repeatedly apply Theorem 3, choosing, for example, β = α and γ = 1/α, to establish that there are infinitely many 6-sparse Steiner triple systems. In this paper we prove a theorem analogous to Theorem 2 for the case v = 3p, where p is prime and p ≡ 3 (mod 4). Using this theorem we are able to construct 6-sparse Steiner triple systems of order 3p for all sufficiently large primes p ≡ 3 (mod 4).
Steiner triple systems with v ≡ 9 (mod 12)
For the remainder of the paper, p will always denote a prime congruent to 3 modulo 4, and θ will denote the quadratic character modulo p. Thus if x ≡ 0 (mod p), θ(x) = (x/p), the Legendre symbol, and if x ≡ 0 (mod p), θ(x) = 0. Theorem 4. Let p = 2s + 1 ≥ 7 be a prime such that p ≡ 3 (mod 4) and let v = 3p. Let τ be an integer modulo v such that τ ≡ 0 (mod 3) and τ is a primitive root modulo p. Let ω = τ 2 mod v. Choose α modulo v such that either (i) α ≡ 0 (mod 3) and θ(α − 1) = 1, or (ii) α ≡ 1 (mod 3) and θ(−α) = 1. Then, with all arithmetic modulo v,
v} : n = 0, 1, . . . ,
is the set of blocks of an STS(v), defined on {0, 1, . . . , v−1}, which is generated by {0, 1, α} and {0, v/3, 2v/3} under the action of the group of mappings
Proof. In this proof and the remarks which follow we shall tacitly assume that unless otherwise specified all arithmetic is performed modulo v. Clearly, the orbit of the starter block {0, p, 2p} under the action of G is {{n, n + p, n + 2p} : n = 0, 1, . . . , p − 1}. Let
and observe that for any x modulo v, we have
and Ω(x) = {y mod v : θ(y) = θ(x) and y ≡ x (mod 3)} .
Therefore we can prove the theorem by showing that the six differences ±1, ±α and ±(1 − α) generated by the triple {0, 1, α} have distinct combinations of quadratic character modulo p and residue class modulo 3. Since θ(−1) = −1, this is possible if and only if α satisfies (i) or (ii) in the statement of the theorem.
The choice of τ is immaterial, subject to τ ≡ 0 (mod 3) and τ being a primitive root modulo p. To see this, suppose τ ≡ 0 (mod 3) is also a primitive root modulo p and let ω = (τ )
2 . Then τ ≡ τ t (mod p) for some t with (t, p − 1) = 1 and it is plain that for any
If α ≡ 0 (mod 3), the four STS(v)s generated by the blocks {0, 1, δ} and {0, v/3, 2v/3} for δ ∈ {α,
, the four STS(v)s generated by the blocks {0, 1, δ} and {0, v/3, 2v/3} for δ ∈ {α, 1 − α, 1/α, 1 − 1/α} are isomorphic under the mappings
The above observations may be used to reduce the size of a search for 6-sparse systems obtained from Theorem 4. A complete list, up to isomorphism, of such 6-sparse Steiner triple systems for v < 10000 is given in Table 2 . Systems with the same value of v are pairwise non-isomorphic, as can be seen by examining the structure of the cycle graphs G 0,1 , G 0,α , G 1,α and G 0,v/3 . We refer to a system created by Theorem 4 as a two-generator system with parameters v and α.
The special mitres and Pasch configurations that are shown in [4] to be unavoidable in all systems with sufficiently large order obtained from Theorem 2 do not form in the twogenerator systems of Theorem 4. We now prove that there is no such blocking mechanism to prevent the formation of 6-sparse two-generator systems of arbitrarily large orders.
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. . . a n,1 x 1 + a n,2 x 2 + . . . + a n,n x n ≡ c n (mod p)
be a set of linear congruences modulo p and let A = [a i,j ] be the corresponding matrix of coefficients. Suppose |A| ≡ 0 (mod p). Then there exists a unique solution of (2) in GF(p). Furthermore, the solution is formally the same as that obtained by solving (2) over the rationals.
Proof. This is well known.
Lemma 2. Let S = (V, B) be a two-generator Steiner triple system with parameters v and α containing one of the configurations Pasch, mitre, 6-cycle, crown. Let V = {0, 1, . . . , v − 1} and let Γ = {G 1 , G 2 , . . . , G 13 }, where
Then there is a G ∈ Γ such that G ⊂ B for some x 1 , x 2 , . . . , x n ∈ V , where n = |G| − 1.
Proof. By Theorem 4, v = 3p, p prime, p ≡ 3 (mod 4), and S is generated by blocks {0, 1, α} and {0, p, 2p}. Let X be one of the configurations Pasch, mitre, 6-cycle, crown. Suppose X ⊂ B.
Observe that G 1 is a Pasch configuration, G 2 , G 3 and G 4 are mitres, G 5 , G 6 and G 7 are 6-cycles, G 8 , G 9 , . . . , G 13 are crowns and the block of G ∈ Γ labelled {0, 1, α} is one of two intersecting blocks which map to each other under an automorphism of G. Since X cannot contain two intersecting blocks belonging to the orbit of {0, p, 2p}, it is straightforward to verify (perhaps by drawing diagrams) that there exists an automorphism of S which maps X to some G ∈ Γ for some x 1 , x 2 , . . . , x |G|−1 ∈ V .
Lemma 3. Let p be prime and suppose that the polynomial f (x) is not a constant multiple of a square over GF (p). Then
Proof. This is a special case of the theorem on page 43 of [11] .
In the next lemma we introduce a set of polynomials, Λ. In Lemma 5 we investigate certain sets of linear congruences. The coefficients of these congruences involve a parameter, α. We wish to show that there exists an α such that either the congruences have no solution, or the solution satisfies certain conditions that can be expressed in the form θ(ρ(α)) = 1 for certain rational functions ρ(x). We then find that there is a set of polynomials Λ with the property that if θ(λ(α)) = 1 for all λ(x) ∈ Λ, then θ(ρ(α)) = −1 for at least one of the functions ρ(x). Actually, to deal with questions of existence and uniqueness of solutions, slightly more than this is required, and the key property of Λ is that given in Lemma 4. The set Λ given in this lemma was obtained by considering the numerators and denominators of the functions ρ(x). It is not feasible to explain why each individual polynomial is included in Λ. However, we give below, following the proof of Lemma 5, several examples to illustrate the method. In particular, Example 1 explains why −x 3 + 5x 2 − 6x + 3 ∈ Λ.
Lemma 4. Let
Given any positive number N , for all sufficiently large prime p, there exist at least N numbers α, distinct modulo p, such that θ(λ(α)) = 1 for all λ(x) ∈ Λ.
Proof. Let
π(x).
where f (x) in the outer sum runs through all 2 |Λ| − 1 non-empty products of polynomials λ(x) ∈ Λ. It is easily checked that over the rationals the polynomial λ(x)∈Λ λ(x) has nonzero discriminant. Hence, assuming that p is sufficiently large, f (x) is never a constant multiple of a square over GF(p). So by Lemma 3 we have ∆ = p − O( √ p).
Since both π(x) and the number of factors of π(x) which are equal to 1 are bounded as p → ∞, it follows that for each fixed N and for p sufficiently large, there exist N distinct values of α modulo p such that θ(λ(α)) = 1 for all λ(x) ∈ Λ.
Lemma 5. Let v = 3p, p prime, p ≡ 3 (mod 4). Let Λ be the set of polynomials in Lemma 4. Then there exists a polynomial Q(x) such that if α ≡ 0 (mod 3), if θ(λ(α)) = 1 for all λ(x) ∈ Λ and if Q(α) ≡ 0 (mod p), then there exists a 6-sparse two-generator Steiner triple system with parameters v and α.
Proof. Let v = 3p, p prime, p ≡ 3 (mod 4) and suppose α satisfies the conditions of the lemma with Q(x) to be chosen later. Observe that x − 1 ∈ Λ; therefore θ(α − 1) = 1, as required by Theorem 4, and hence there exists a two-generator Steiner triple system S = (V, B) with parameters v and α. We show that with a suitable choice of Q(x) S is 6-sparse.
Let Γ = {G 1 , G 2 , . . . , G 13 } be the set of configurations in Lemma 2. Let G ∈ Γ and let G have n + 1 blocks . For d = 1, 2, . . . , n, let (a d , b d , c d ) be the dth block of G \ {{0, 1, α}} in some ordering. Then if G ⊂ B, we have the following set of 3n linear congruences modulo 3p in variables x 1 , x 2 , . . . , x n , m 1 , m 2 , . . . , m n and the variables ω d for those d where the corresponding congruences have the first alternative on the right:
On eliminating the m d we have 2n congruences modulo 3p:
Since there are six permutations of (a i , b i , c i ) and two possible congruences for each, there are 12 n possible sets of congruences represented by (3) . (Although this number can be reduced somewhat, we prefer, for simplicity, to present the results of our original computations, which do not exploit additional symmetries in (3).) Thus by Lemma 2, if S contains a Pasch, mitre, 6-cycle or crown configuration, there exists a G ∈ Γ and a corresponding set of congruences (3) which has, for some orderings of the blocks of G and some choice of the alternatives on the right of (3), a solution modulo 3 in which all the ω d present satisfy ω d ≡ 1 (mod 3) and a solution modulo p in which all the ω d present satisfy θ(ω d ) = 1. To show that this cannot happen, we examine each of the 12 n possible sets of congruences (3) for each configuration G ∈ Γ . Denote this collection of congruence sets by Φ 0 . Thus |Φ 0 | = 12 3 + 3 · 12 4 + 9 · 12 5 = 2303424. As an immediate first step, we eliminate from Φ 0 all sets where there are two intersecting blocks in the orbit of {0, p, 2p}, for such configurations cannot occur in S. This leaves a collection Φ 1 of 584064 sets: 864 for G 1 , 7776 each for G 2 , G 3 and G 4 , 62208 each for G 5 , G 6 , . . . , G 13 . For example, take the crown configuration G 8 . Denote the blocks other than {0, 1, α}, by A, B, C, D and E, where {A, B} and {C, D} are pairs of parallel blocks. Then we have the following possibilities for blocks in the orbit of {0, p, 2p}: none, 6 5 ; block E, 6
5 ; one or both of {A, B}, 2 · 6 5 + 6 5 ; one or both of {C, D}, 2 · 6 5 + 6 5 . So the total number of legitimate congruence sets that arise from G 8 is 8 · 6 5 = 62208.
Next, we eliminate from Φ 1 all cases where (3) has no solution modulo 3. We assume that α = 0 and that ω d = 1 for all multipliers ω d present. We also assume that p = 1. For if a set of congruences (3) has a solution modulo 3 with p = 2 and includes the pairs {b j − a j ≡ p, c j − a j ≡ 2p} for those j ∈ {1, 2, . . . , n} where the block {a j , b j , c j } is in the orbit of {0, p, 2p}, then the set of congruences obtained by interchanging b j and c j has the same solution with p = 1, and, of course, both sets of congruences are identical modulo p. After performing the computations we are left with the collection Φ 2 of 3320 congruence sets, partitioned as follows : G 1 , 32; G 2 , G 3 , G 4 , 168 each; G 5 , G 6 , G 7 , 384 each; G 8 , G 13 , 344  each; G 9 , G 12 , 224 each; G 10 , G 11 , 248 each. In all cases the solution modulo 3 is unique.
We deal with Φ 2 by examining each congruence set modulo p. For a given congruence set, let t be the number of blocks in the orbit of {0, p, 2p} and note that 0 ≤ t ≤ 2. Recall that the configuration has n + 1 blocks. So there are 2n congruences, n point variables, x 1 , x 2 , ..., x n , and n − t multiplier variables, ω d . We select 2n − t congruences by excluding t (possibly none) of the 2t congruences that involve p.
Suppose t = 0. With the congruences (3) written in matrix form Dx = e, we find that in every case |D| is a polynomial in α, d(α), say, which is not identically zero. Assuming that p is sufficiently large and α is chosen such that d(α) ≡ 0 (mod p), we can obtain the unique solution x = D −1 e (modulo p), where x = (x 1 , x 2 , . . . , x n , ω 1 , ω 2 , . . . , ω n ) and the elements of D −1 e are rational functions of α. Next we attempt to compute the quadratic characters of the multipliers ω j and the ratios ω j /ω k on the assumption that θ(λ(α)) = 1 for each λ(x) ∈ Λ. In all except four cases we find that at least one multiplier or ratio of multipliers is not a quadratic residue modulo p, and hence G cannot occur in S. Example 1 illustrates this point. The remaining four cases correspond to a Pasch configuration and three 6-cycles, where in the solution of the congruences (3) the x i are such that every block is of the form {a, b, c} with (a, b, c) ≡ (0, 1, α) (mod p) and the ω i are all ≡ 1 (mod p). Since each ω i is also congruent to 1 modulo 3, it follows that each ω i is equal to 1. This in turn implies that the configuration contains repeated blocks. See Example 2 below. Now suppose t > 0. We find that it is always possible to choose 2n − t congruences from (3) such that when they are written in matrix form Dx = e, |D| = d(α) is not identically zero. So if α is chosen such that d(α) ≡ 0 (mod p), then we get a unique solution for the 2n − t variables, x = D −1 e. The excluded t = 1 or 2 congruences have the form b i − a i ≡ 0 (mod p) or c i − a i ≡ 0 (mod p) for some i. So suppose for these i that the solution x = D −1 e gives a i = a i (α), b i = b i (α) and c i = c i (α) for rational functions a i (α), b i (α) and c i (α). We either have: (i) for all t excluded congruences,
is identically zero for all α; or (ii) for one of the excluded congruences there exists α such that
In case (i), the excluded congruences may be ignored and we proceed as for t = 0, where it turns out always that, assuming θ(λ(α)) = 1 for all λ(x) ∈ Λ, either θ(ω j ) = −1 for some multiplier ω j or θ(ω j /ω k ) = −1 for some ratio ω j /ω k of multipliers. Hence G does not occur in S. Example 3 illustrates this case.
In case (ii), by clearing the denominator we obtain an additional constraint, which takes the form q(α) ≡ 0 (mod p) for some polynomial q(x). Then if α is chosen such that q(α) ≡ 0 (mod p), the congruences (3) will be inconsistent and hence G will not occur in S. See Example 4.
To complete the proof we set Q(x) equal to the least common multiple of all the determinant polynomials d(x) and constraint polynomials q(x) encountered in the preceding analysis. Observe that if p is sufficiently large, none of the functions d(x) and q(x) depend on p, and hence Q(x) is independent of p.
Whilst it is not feasible within the space limitations of this paper to give details of all the cases that occur in the proof of Lemma 5, the main features of the method can be illustrated by a few examples.
Example 1.
Let G be the 6-cycle configuration G 5 with the blocks ordered as written:
Suppose all these blocks belong to the orbit of {0, 1, α}. The congruences to be solved modulo 3p are
Setting α = 0 and ω 1 = ω 2 = ω 3 = ω 4 = ω 5 = 1, we solve this set of congruences modulo 3 to obtain the unique solution:
Therefore we consider the congruences (4) modulo p, and for this purpose we put them into matrix form: 
There are ten congruences and ten variables, the determinant of the system is −α(α 3 − 5α 2 + 6α − 3), and we assume that x(x 3 − 5x 2 + 6x − 3) is a factor of Q(x). Hence there is a unique solution modulo p :
Since x, x − 1, 1 − 2x and −x 3 + 5x 2 − 6x + 3 are in Λ, we can assume that
Hence we can compute the quadratic character of ω 2 ,
and deduce that the configuration does not occur in S.
Example 2.
Let G be the Pasch configuration G 1 with the blocks ordered as written:
or, after eliminating m 1 , m 2 , m 3 ,
Setting α = 0 and ω 1 = ω 2 = ω 3 = 1, we solve this set of congruences modulo 3 to obtain the unique solution x 1 = 1, x 2 = x 3 = 0. Therefore we consider the congruences (5) modulo p, and for this purpose we put them into matrix form: 
The determinant of the system is 2α(α−1), and we assume that x(x−1) is a factor of Q(x).
Hence there is a unique solution modulo p :
In fact, this is one of the four configurations where the system of congruences (3) has a legitimate solution and, as previously explained, it does not exist in S. The other three configurations where the congruences have legitimate solutions modulo 3p are the 6-cycles G 5 , G 6 and G 7 , with the blocks, all in the orbit of {0, 1, α}, ordered as written: x 4 }, {x 3 , 1, x 4 }, {x 2 , 1, x 1 }, {x 3 , x 5 , α}}, G 7 : {{0, 1, α}, {0, x 1 , x 5 }, {x 2 , x 4 , x 5 }, {x 3 , x 4 , α}, {x 2 , x 1 , α}, {x 3 , 1, x 5 }}.
Example 3.
Let G be the mitre configuration G 2 with the blocks ordered as written:
Suppose the second, third and fourth blocks belong to the orbit of {0, 1, α} and the fifth belongs to the orbit of {0, p, 2p}. The congruences to be solved modulo 3p are
Setting α = 0 and ω 1 = ω 2 = ω 3 = p = 1, we solve this set of congruences modulo 3 to obtain this unique solution:
x 1 = 1, x 2 = 0, x 3 = 2, x 4 = 1.
Therefore we consider the congruences (6) modulo p, and for this purpose we put them into matrix form: There are eight congruences but only seven variables. So we exclude the last congruence and work with just the first seven. The determinant of the reduced system is α 2 (α − 1), and we assume that x(x − 1) is a factor of Q(x). Hence there is a unique solution modulo p :
, ω 3 = α α − 1 and, furthermore, this solution is consistent with the excluded congruence, x 3 ≡ 0 (mod p). However, we can compute the quadratic character of ω 1 : θ(ω 1 ) = θ(1 − α) = −1, since x − 1 ∈ Λ, and therefore deduce that this configuration does not occur in S.
Example 4.
Let G be the crown configuration G 8 with the blocks ordered as written:
{{0, 1, α}, {1, x 1 , x 4 }, {x 2 , x 3 , x 4 }, {x 1 , α, x 5 }, {x 3 , 0, x 5 }, {0, x 2 , x 1 }}, and suppose only the last block belongs to the orbit of {0, p, 2p}. The congruences to be solved modulo 3p are 
Setting α = 0 and ω 1 = ω 2 = ω 3 = ω 4 = p = 1, this set of congruences has a unique solution modulo 3:
For solving modulo p, we put (7) in matrix form: 
(mod p).
